A MIXING CONDITION FOR EXTREME LEFT
INVARIANT MEANS()

BY
S. P. LLOYD

1. Introduction. Let the discrete semigroup X be left amenable [1] and let
LM be the set of left invariant means for X. We call a bounded function « on X
left almost convergent to value k when (u, \)=k holds for every A € LM. (Similar
generalizations of the almost convergence of G. G. Lorentz have been given by
Day [1] and Dye [2].) Let V(o), o € Z, be an antirepresentation of X by nonnegative
operators on C(X), with X compact Hausdorff and V(o)1 =1. The adjoints V'*(o),
o €X, are a representation of X by nonnegative operators of unit norm on the
space rca(X) of regular bounded signed Borel measures on X. Let LM(X) be the
set of probability measures in rca(X) which are fixed under each V*(o), o €Z.
Then LM(X) is convex, weakly* compact, and nonempty, and we are concerned
with properties of the extreme points of LM(X). The following is one of our main
results. For each f, ge C(X) and each peLM(X) the function (fV(o)g, n),
o € %, is left almost convergent to a value depending on f, g, u. For u to be extreme
in LM(X) it is necessary and sufficient that for each f, g € C(X) the value be
(f; »)(g, p). This is a mixing condition which generalizes the result of Sucheston
[3] for the case X =additive positive integers. Our result is distinct from that of
Dye [2], who is concerned with representations of X by operators on Hilbert
space.

The first part of the paper is expository. In §2 we describe results obtained by
the author concerning nonnegative projections of unit norm in C(X). In §3 we
compile results of Arens on extending the product in Banach algebras and modules.
Cases of particular interest are discussed in §§4 and 5. In §6 we obtain an algebraic
characterization of the extreme points of LM(X). In §7 various projections asso-
ciated with left invariant means are investigated, and in §8 we discuss left almost
convergence. In §9 the right and two sided cases are reduced to the left case.

2. Nonnegative projections of unit norm in C(X). References for the present
section are [4, p. 490], [S]. Let X be a compact Hausdorff space, let X be the
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o-field of Borel subsets of X, and let C(X) be the continuous real functions on X.
We represent the Banach space conjugate of C(X) as the space rca(X) of regular
bounded signed Borel measures on X. By rca(X)\C(X) we will mean rca(X) in its
C(X) topology, and similarly for other linear spaces. We denote by rp(X) the set
of probability measures in rca(X). We denote by 8, € rp(X) the unit point measure
at x € X, i.e., evaluation at x. Sometimes we will deliberately confuse x and 3.,
choosing to regard X as a subset of rca(X)\C(X).

Let T: C(X) - C(X) be a bounded linear operator on C(X), with adjoint
T*:rca(X)— rca(X), and let ¢: X — rca(X) be the function defined by ¢, =T*$,,
x € X. Then ¢ has the properties

t: X — rca(X)\C(X) is continuous,
IT] = sup I,

T=0ifft, = O forall xe X,

and T has the representation

Tf(x) = f fOdx),  xe X, fe C(X).

We will be concerned with nonnegative projections of unit norm in C(X). Let
x4 be the characteristic function of set 4. Our first result is

THEOREM 1. Let T be a bounded nonnegative projection in C(X) such that the
complementary projection 1 —T is also nonnegative. Then there exists an open closed
subset A of X such that Tf(x)=x4(x)f(x), x € X, f € C(X).

Proof. From
T70) = [,

(1-Df(x) = ff(xl)[sx(dx’)_ «(dx)],

it is easy to see that if both 7T and 1—T are to be nonnegative then for each x € X
the closed support of the nonnegative measure ¢, cannot extend beyond the
singleton set {x}. From T2=T there follows [t.({x})]*=1.({x}), and set 4 of the
theorem is A={x: t,({x})=1}. The continuity of (T1)(x)=1,(X)=1t.({x}), x e X,
insures that A4 is open closed.

More generally, suppose that T is a nonnegative projection of unit norm in
C(X). Let Y denote the range of ¢ in rca(X)\C(X), and let Y, be the set of nonzero
extreme points of the closed convex hull of Y U {0} in rca(X)\C(X). Then Y, is
a nonempty closed subset of Y, and ¢ has the further properties

(1) If t, = ye Y, then ¢, is a probability measure with closed support con-
tained in ¢ "1y (= {x: t, = y}).
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(2) If x € X then ¢, is a nonnegative measure whose closed support is con-
tained in ¢ 'Y, and such that 7,(X) =< 1.

The set Y, is the Choquet boundary [6] of range T; the existence of a projection
as above insures that it is closed. We call #(T)=t"1Y, the support of T'; each
measure in range T* has closed support contained in #(T).

From the representation we obtain a weak averaging identity, as follows.

THEOREM 2. Suppose T is a nonnegative projection of unit norm in C(X). Then

3) T(fTg) = T(Tf- Tg)  for all f, g € C(X).

Proof. When x € &(T') the measures ¢, are probabilities localized in equivalence
classes ¢ 'y, and since Tg is constant on equivalence classes the averaging identity
T(f-Tg)=Tf Tg holds on #(T). Applying T and using (2), we obtain the theorem.

In the case that range T is a subalgebra of C(X) there obtains 7(Tf-Tg)=Tf-Tg,
and (3) becomes the averaging identity. Even when range T is not a subalgebra of
C(X) we can introduce an algebraic structure into range 7, as follows. For
f, g € C(X) let the product of Tf and Tg in range T be defined as T(Tf- Tg), where
in the parentheses the C(X) (pointwise) product is intended. Use of (3) shows that
this is an associative operation, and with this product and supremum norm range
T becomes an algebra isometrically algebraically isomorphic to C(Y,). Suppose
A€ rp(X) induces a homomorphism of range T onto the reals, that is,

(T(Tf-Tg), X) = (I, A(Tg, A)

for all f, g e C(X) and (T'1, A)=1. Then the closed support of A must be contained
in some equivalence class ¢ ~'y for some y€ Y,, and T*A=y is the element of
range T* inducing the same homomorphism. Using Theorem 2, we see that if
Aerange T* then for A€ Y, to hold it is necessary and sufficient that A#0 and

(f-Tg, H=(f, N(g, A) for all £, g € C(X).
If fe C(X), A€ rca(X), then fA € rca(X) will denote the measure with Radon-
Nikodym derivative d(fA)/dA=f.

THEOREM 3. Suppose A€ rca(X) is in range T*, T*A=X. Then T*(fN)=(Tf)A
holds for all f e C(X).
Proof. For all ge C(X) we have
(& T*(N) = Tg, N = (f-Tg, D)
= (I(f-Tg), ») = (T(Tf-Tg), »)
= (T(Tf-8), N
= (If-& ) = (& (TNHA),

where at various places we have used (3), T*A=A, and the Radon-Nikodym
theorem.
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3. Arens products. References for the present section are [7], [8], [9]. Let &
be a Banach algebra with conjugate space Z*, second conjugate space Z**, and
let «x: & — Z** be the natural embedding. Since «Z is dense in Z**\Z*, the
algebraic product in & lifts in the obvious way to a product on the dense subset
kZ of Z**\Z*. As it turns out, the product can be extended by continuity to all
of Z**, in at least two ways.

Suppose {x,} is a generalized Cauchy sequence in Z\Z* such that {«x,} con-
verges in F**\Z* to u € Z**, and let {«y,} converge similarly to v € Z**. Put

u(Dv '= liam (li;n K(xg y,,)),
u{xdv = lgm (lizn r(x, y,,)).

Then each of I, <t is an associative product in Z** which makes it a Banach
algebra and which reduces to the given product on «Z. (We remark that I} is
the usual Arens product.)

We will not give the proof that this heuristic formulation makes sense. It would
require all the steps of the Arens construction, which we now reproduce. The
notational device is essentially that of Gulick [10]. For any Banach space Z,
(z, {) will denote the value of { € Z* at ze Z. In each of the following, the left-
hand side serves to define the operation introduced in the right-hand side:

(xy, &) = (x, )(xD€), xeX, yeZ, (€2,
O OKéu) = (3, &Kvu), yeZ, EeZ*, ueZ**,
(&{du, v) = (¢, uxiv), E€T*, ueI**, veI** .

Similarly,
(xy’ §)=(y’£<l>x)a xeg’ ye'%.’ feg‘*a
) (EDx,v) = (x, KDE), xeZ, (eZ* ve**,
(KDE uw) = (¢, (D), §e*, ueZ*, veZ**.

For each of the operations (I there is weak* continuity in the left-hand factor
for fixed right-hand factor, as well as separate weak and joint norm continuity in
both factors. Each () is (separately) weakly* continuous in the right-hand factor. If
u, v e X** and either of u or v is an element of «Z then u<D>v=u{r)v, and for this
we will use the notation ¥ © v when useful.

The following generalization, also due to Arens, will be needed. Let £ be a
Banach algebra, and let Banach space % be a Banach right module over . That
is, for each ye %, x € £ a bilinear product yx € # is defined with the property
(px)xs=y(x,x2), and || yx| £ M| y| || x| bolds for some 0 < M < co. Then yx = V(x)y
serves to define V(x): % — % as a norm continuous antirepresentation of Z by
bounded linear operators on #. That is, ¥(x) depends linearly on xe %, and
V(x1) V(xg)= V(x2x1), | V(x)|| = M|x|. Conversely, if such an antirepresentation is
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given then a right module structure is determined. In each of the following, the
left-hand side serves to define the operation introduced in the right-hand side:

(yx9 7}) = (xs ")<i>}’), YE Y, xeZ, ne Y,
© KDy, w) = (), 7e¥* ye¥, ueZ*,
wDn, v) = (9, 1KHu), UEX** neW* veW**,

With <I) operations as in (5), we have the association rules

KD(x) = @<KHYKDx,
DDy = wWHEKDyY),
u1<i>(u2(i>n) = ((Dux)Dm,
(< Du X ug = oD (1{Huy),

forxeZ,ye¥, ne¥*, u, uy, u, € T**, ve Y**.

The adjoint V*(x): #* — @* is a representation of &, and V*(x)y=rx{i)y,
xeZ, ne¥*, in terms of the Arens operations defined above. Let {x,} be a
generalized sequence in & such that {«x,} converges in Z**\Z* to u € Z**, so that
{rex,{I>n} converges in #*\¥ to uliyn. If for u € ** we define Q(u): #* — ¥* by
Q@n=uli)y, n € ¥*, then Q(u)=lim V*(x,) in the weak* operator topology. It
is easy to verify from (7) that Q(u,<{IDus)= Q(u;) Q(uz), u;, u, € Z**, whence Q is
an extension of the representation V'* of Z to the algebra (Z**, <I)).

We mention in passing that the same right module admits Arens operations
&> corresponding to (4), and that a Banach left module admits both <I> and <i)
operations, so that the operations (6) and association rules (7) constitute one set out
of four; (6)—(7) are the only ones we need.

Q)

4. The second conjugate of C(X). References for the present section are [7],
[11]. The two Arens products in C**(X) are commutative and equal, and C**(X)
is isometrically algebraically isomorphic to C(cX) for a certain compact Hausdorff
space «X. We drop the {I>-(r> notation. We represent C***(X) as the space rca(eX)
of regular Borel measures on «X. Let x: C(X) — C(aX) and &: rca(X) — rca(«X)
be the natural embeddings. The restriction of «*: rca(«X) — rca(X) to the unit
point measures induces a continuous epimorphism =:«X — X. Under =, «X
partitions into equivalence classes #~1x, x € X, and «C(X) are the elements of
C(aX) constant on = equivalence classes. If 0 € rca(«X) is a measure on «X then
«*0 is the measure on X given by («*0)(E)=60(="1E), E € X. That is, one simply
restricts the domain of 8 to unions of = equivalence classes.

The space «X is hyperstonian, and # rca(X) are the normal measures for «X.
That is, « X is extremally disconnected, the closed support of each <A, A € rca(X),
is open (equivalently, <A vanishes on nowhere dense sets), and the union of such
supports is dense in «X. The open closed sets in «X correspond 1-1 to closed order
ideal subspaces of rca(X). Let M be such a subspace, that is, M is norm closed, and
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if e M then v € M for all v € rca(X) such that — |A| v |A|. Let M’ be the lattice
complement of M. Then each Ae€rca(X) has a unique decomposition A=TA
+(1—=T)A with TAe M, (1-T)Ae M’, and T, 1—T are complementary non-
negative projections in rca(X). Their adjoints are complementary nonnegative
projections in C(aX), and the open closed set in «X associated with the decom-
position M @ M’ is the one given by Theorem 1. Conversely, if 4 is open closed
in X then for A € rca(X) the parts of <A with support in 4, A’ are normal; it is
not hard to show that this induces a decomposition of rca(X) into complementary
closed order ideal subspaces.

Several types of decomposition are of interest. Let /(X) be the purely atomic
measures on X, that is, /(X) is the norm closed span of {3.: x € X}. Denote
{8,: x € X} by X. Each element of X is an open point of X in rca(eX)\C(aX),
and the closure of X in oX is open in «X and is the Stone-Cech compactification
BX of the discrete space X. The atomic measures /(X)) embed under # as the atomic
measures with support in X; the atomless measures on X (if any) embed as normal
measures with support contained in the open closed set « X —BX. The embedding
is easy to undo, since k*<=1.

Let A € rca(X) be fixed. The A-continuous and the A-singular measures constitute
complementary closed order ideal subspaces of rca(X). Let ¥, be the open closed
support of A. Then p is A-continuous if &, <& ,, while pn is A-singular if %, and
&, are disjoint.

Let E € X be fixed. The measures supported by (not necessarily closed) E are
{Aerca(X): |A\|(E")=0}, and this is a closed order ideal subspace. The corre-
sponding open closed set in «X will be denoted by E”. The correspondence
E«> E~ preserves finite set operations, and A(E)=(<A)(E") holds for all
Aerca(X), E€ X.

The norm closed linear subspace of C(«X) spanned by {yz~: E € X}is a subalgebra
isomorphic to the algebra B(X, X) of bounded Borel functions on X, pointwise
operations and supremum norm. If ¢: B(X, X) — C(«X) is the embedding deter-
mined by tyg=xz~, E€ X, then *: rca(aX) — ba(X, X) sends measures on aX
into finitely additive set functions on X according to (*0)(E)=0(E"), E€ X,
0 € rca(eX), and maps oX in rca(eX)\C(aX) onto (Gelfand space of B(X, X))
=(Boolean space of X).

If fe C(X), A€ rca(X), then the Arens product fA is the measure on X with
Radon-Nikodym derivative d(fA)/dA=f. (We have already used the notation in
§2.) If Ae rca(X), Fe C(eX), then the Arens product FA is a measure on X, but
the derivative situation is not quite so simple. First, #(FA) has derivative
dik(FA)|dkA=F. Let F be fixed. Then for each A € rca(X) there is a bounded Borel
function ¢, on X such that d(FA)/dA=¢, a.e. [A], and «p,=F a.e. [kA]. However,
no one function on X will represent F for all choices of A; B(X, X) is a proper
subalgebra of C(aX), in general. Specifically, when there are atomless measures
then the sets {E~—BX: E € X} are not a base for the topology of «X—BX. This
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is shown by the following result, which implies that &, for A atomless is never of
the form E~—BX, E€ X.

THEOREM 4. Suppose A € rca(X) is atomless and E € X is such that |A|(E)#O0.
Then there exist A-singular atomless probabilities p € rp(X) such that u(E)=1.

Proof. We may as well assume A € rp(X) and ME)=1. By a theorem of Lia-
pounoff we can find disjoint closed subsets F, and E; of E such that A(Ey)=A(E,)
=1/3[12]. Let ¥, be the set consisting of all p € rp(X) such that u(Eg)=p(E,)
=1/2. It is not hard to show that %, is nonempty and compact in rca(X)\C(X).
Now choose disjoint closed sets Eqo, Eg; < Ep and Esq, Ey; < E; such that A(E;;)=1/9
each, and let €, consist of all u € rp(X) such that u(E;;)=1/4 each. Again, € is non-
empty and compact in rca(X)\C(X); moreover, ¥, =%,. Continuing the Cantor type
construction, we obtain a nest ¢, >%,> - - - of nonempty compact sets. It should be
clear that any element of nonempty (| %, is an atomless probability measure,
is A-singular, and has support in E.

A similar result holds for the universal completion of X. That is, for each
A € rca(X) let X, be the completion of X with respect to the outer measure induced
by (X, |A|), and define X.=(), X,. To each E € X, there corresponds open closed
E"~caX. Again, {E™—BX: E € X,} is not a base for « X —8X. We make no further
use of X..

5. The conjugates of co(X). Let X be a discrete space, and let ¢,(Z) be the Banach
algebra of bounded real functions vanishing at infinity, with pointwise operations
and supremum norm. Some successive Banach space conjugates of ¢,(Z) are

c®),
I,

m(Z) or C(B),
ba(Z) or rca(B),
C(4) with A = «(BX),
rca(A).

Here, /(Z) is the space of purely atomic measures on the field of all subsets of
2, m(Z) is the algebra of bounded functions on Z, isomorphic to C(8Z) with X
the Stone-Cech compactification of Z, ba(Z) is the space of bounded finitely additive
set functions on subsets of %, isomorphic to the regular Borel measures on BZ,
and A is the Arens space «X described in the preceding section with X'=gZ.

Let us catalog the natural embeddings and their adjoints.

(1)  Ko: co(Z) — C(BZ). A function vanishing at infinity extends to O on
BE—Z, 50 koc,(Z) is an ideal.

(ii) x;:/(Z) — rca(BX). The unit point measure §, € /(X) embeds as the unit
point measure at 0 € Z<BX; we denote «,8, simply by &,.

(iii) xq: C(BZ) — C(A) as in §4.
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(iv) «3: rca(BZ) — rca(A) as in §4.

(v) «¥:rca(BZ) — I(Z) picks out the purely atomic part of the measure living
on X in BZ. «¥(BZ) is the one point compactification of Z, with 0 as the point at
infinity.

(vi) «¥:C(4) — C(BZ). The closure of «3X in A4 is open in 4 and a copy of
BZ; «¥ is restriction of domain to (k3Z)~.

(vil) «%: rca(A) — rca(BZ) as in §4.

(viii) «¥*: C(BZ) — C(A) copies the given function on (xgZ)~ and puts 0
elsewhere.

(ix) «¥*: rca(BZ) — rca(A) copies the given measure on (xg2) = =«T*(8Z).

(x) «k&¥**:rca(A) — rca(BZ) picks out the part of the measure living on (xgX)~.

Suppose now that Z is a semigroup. The unit point measures {8,: c € Z} are a
basis for /(Z), and the familiar convolution product in /(Z) is determined by the
basis values 8, * 8,=39,,, o, 7 € X. This product has Arens extensions {I> and {r)>
in rca(BX). The restriction of these to the unit point measures makes SZ a (non-
topological) semigroup in two ways; x<{[>y is continuous in x while x{t)y is
continuous in y, x, y € BZ.

We remark that {I) and {t) in rca(BZ) each have two Arens extensions in rca(4),
so that there are four products of interest in rca(4). We will not need any of these
explicitly.

For each s €/(Z) the left regular representation L(s): /(Z) — I(Z) is defined by
L(s)t=s = t, t €l(Z). This is a nonnegative norm continuous representation of /(X);
that is, L(sy)L(sz)=L(s; * $5), L(s)=0 if s20, |[L(s)|| = ||s||. The restriction L(3,),
o €2, to the unit point measures we denote by L(o), and have L(o,)L(o5) =L(o,03),
L(0)20, | L(o)| =1.

The right regular antirepresentation R(s):/(Z) — I(Z) is defined similarly by
R(s)t=t * s, t €l(Z), and for the restriction to X we obtain an antirepresentation:

R(a1)R(03) = R(0307), R(0) 2 0, "R(ﬂ)" =L

The adjoints of these operations can be expressed in terms of the Arens extensions
of the convolution product in /(Z). The following catalog will prove useful.

L(o)t = 8, %t (rep.),
R(o)t = t* 8, (antirep.),
tel(®),
L*)fN)x) = fle© x) = (fO 8,)(x) (antirep.),
(R*(@)N)(x) = f(x© o) = (3, ©fN)(x) (rep.),
xepx, feC(B),
L*(o)p = 3,0 p (rep.),
R¥*(o)p = p© &, wn e rca(BY) (antirep.).
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6. Left invariant means. A fixed vector of a representation of £ will be called
left invariant, a fixed vector of an antirepresentation being right invariant. The
particular representation L**(o) of §5 acts on rca(BZX), and the left invariant elements
of rp(BX) are the left invariant means for . We assume in all that follows that =
is left amenable, and we denote by LM the set of left invariant means. A left
invariant mean is a mean A € rp(8X) such that §,{(I>A=L**(¢)A= A, o € Z; by weak*
continuity this is equivalent to u{I>A=A for all u € rp(BZ).

Suppose V(o): % — ¥ is a bounded antirepresentation of X by operators on a
Banach space #. That is, V(o) V(03) = V(050,) and |V(o)| S M. If s=3, 5,8, € I(Z)
put ¥(s)=2>, s,¥(c), making ¥{(s), s € /(Z), a norm continuous antirepresentation
of /(Z). With the product y * s=3, 5,V(0)y, % becomes a Banach right module over
I(2).

The association rules (7) show that #* is a Banach left module over (rca(8Z), <I}).
Let Q(u), p € rca(BX), be the extension of V*(s), s € /(Z), as in §3. Suppose A € LM
is a left invariant mean, and consider the operator Q(A): #* — #*, From

V¥H0)Q() = Q(8:)Q(N) = Q(3,DA) = Q(Y),

o €Z, it follows that every vector Q(A\)p=X{I>n in range Q(1) is left invariant for
the representation V*(s). On the other hand, suppose n e #* is left invariant.
Let {A,} be a generalized sequence of means in /(¥) such that {«x,),} converges in
rca(BE)\C(BZ) to Ae LM. From V*(o)y=n there follows V*(A,)n=% and hence
QM) =lim V*(A)n=n. Thus Q(A) is a projection onto the left invariant vectors
of the representation ¥*(c) on #*. From || V*(s)| < M there follows | Q(})| = M.
Since A, {IPA;=A; for Ay, A;€ LM, one has Q(A;)Q(A,)=Q(};). (The above is
essentially the proof of Day [13] applied to the case at hand.)

From now on we will be entirely concerned with the case where # above is the
space C(X) for some compact Hausdorff space X. We assume that an antirepre-
sentation V(s): C(X) — C(X) is given with the properties ¥V(c)=0, V(o)l=1,
whence | V(o)|=1, o €Z. In other words, we have a family of transition prob-
abilities v: X — rp(X) such that

VONE = [ feuea),  xeX, fecw),

e = f v@vP(dx’), x€X, o, TeX,

If fe C(X), perca(X), then the extension to BZ of the element (V(o)f, ),
o cZ, of m(Z) is u<IYf, and if A € ba(T) corresponds to A € rca(BX) then

f V), ;o) = (f; XDp).

It is easy to check that when A € LM then X{({Dp =0 if »20 and (1, XIDp)=(1, p),
w € rca(X); in particular, if p € rp(X) is a mean then XIDp is a mean. We denote
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by LM(X) the set of left invariant means for the representation V*(o) on rca(X).
Then for each Ae LM we have LM(X)={AX{Dp: perp(X)}. That LM(X) is a
compact convex set in rca(X)\C(X) follows from the fact that each V*(o) is an
adjoint.

In all that follows it should be kept in mind that when X above is 82 and V(o)
is the antirepresentation L*(s), then LM(BX) is just the set LM of left invariant
means for Z.

We now obtain an algebraic characterization of the extreme points of LM(X).
As always, it is assumed that X is left amenable, so that LM(X) is a nonempty
compact convex set in rca(X)\C(X).

THEOREM 5. For n € LM(X) to be an extreme point of LM(X) it is necessary and
sufficient that for some A € LM there obtains

® XD(fw) = (e forall fe C(X),
equivalent to
) XI)(Fp) = (u, F)u  for all Fe C(aX).

Moreover, when (8)—(9) hold for one A € LM they hold for all A € LM.

Proof. Recall that fu or Fu in rca(X) is the measure on X with f or F as general-
ized Radon-Nikodym derivative with respect to u. We first show that (8) and (9)
are equivalent. Let {f,} be a generalized sequence in C(X) such that {«f,} converges
in C(eX)\rca(X) to Fe C(eX). For any G € C(«X) we have

XD(fep), G) = (fur, GLDHN)
= (1, (F)GDA))
— (p, F(GKDA)
= (Fi, GDA)
= (XD(Fw), G).

It follows that (8) implies (9); the converse is vacuous.

Suppose p € LM(X) is not extreme, p=4u; +3u, with py, pe € LM(X), py # po.
Some version of the Radon-Nikodym derivative du,/du is a Borel function such
that 0=<du,/dp=<2. Thus there exists Fe C(cX) such that u,=Fu as an Arens
product. For any A € LM we have AI)(Fu) =M Dp, =p, # p=(u, F)u, whence (9)
fails for every A € LM.

Conversely, suppose p € LM(X) is such that (8) fails for some A e LM. Then
there exist A € LM, fe C(X) such that AID(fi) —(f, p)u#0. Consider the signed
invariant measure v= A{i)(fw), for which (1, v)=(f; p). If there were a k such that
v=ku then we would have (I,v)=k and hence AI)(f)—(f, ppu=kp—kp=0,
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contradicting the choice of A and f. Thus v is no multiple of u, zero included. Let
¢>0 be chosen so that c| f]| < 1. Then (1 + ¢f)r are nonnegative measures, and

XDIA o] _ _ptev
Lte(f, W) 1+c(f, v

are distinct members of LM(X). It then follows from

_lkdhw _pto 1-dfipw) _p-ov
K 2 T+ 2 1-cf,p)

that p is not an extreme point of LM(X).

7. Some properties of the projections. The operator Q(A)u= XDy, p € rca(X),
is a projection onto the left invariant vectors of the representation V*(o), o € Z.
The adjoint Q*(A): C(eX) — C(eX) can be expressed in terms of Arens operations
as Q*()F=FI)\, Fe C(«X), and is a nonnegative projection of unit norm in
C(«X) such that Q*(A)1=1. Let us apply to Q*(A) the results described in §2.

We put g.= 0**(A)3,, £ € X, and introduce the equivalence relation such that
q is constant on equivalence classes. Let Y={q,: £ € « X} be the range of ¢, and let
Y, <Y be the extreme points of the closed convex hull of Y in rca(eX)\C(«X).
The support FL(Q*(A) of Q*(A) is FL(Q*(\)=q 'Y, If £eL(Q*)) then
q:=y€ Y, is a probability measure with closed support contained in the equiv-
alence class ¢~ 'y. Let a product be defined in range Q*(A) by

Q*(MW(Q*(VF- 0*(NG),

F, Ge C(eX), making range Q*(\) an algebra isomorphic to C(Y,). Then
¢ € rp(eX) induces a homomorphism of range Q*(}) onto the reals if and only if
¢ has closed support in some equivalence class ¢~y for some y € Y,; in this event
y= Q**(\)¢ is the element of range Q**(1) inducing the same homomorphism.

Suppose p € LM(X). Since cQ(A)= Q**(A)<, we have Q**(Nku=rQ(Nu==xrp,
whence #u is in range Q**(A). The arguments of Theorem 3 show that

(QN)(Fw), G) = (Q*AN(Q*(VF- Q*(NG), kp)
for all F, G € C(«X). Suppose u is an extreme point of LM(X). Condition (9) of
Theorem 5 gives
(Q*N(Q*WF- @*(NG), &p) = (Q*(VF, ku)(Q*(NG, kp) for all F, G € C(aX),

which is to say, <u € range Q**(A) induces a homomorphism of range Q*(A). It

follows that . € Y,, and ¢,=&u holds on the equivalence class ¢ € ¢~ 1kpu.
We obtain at once generalizations of some results well known in ergodic theory.

THEOREM 6. If u, and p, are two distinct extreme points of LM(X) then p, and
wo are mutually singular.

Proof. If the equivalence classes ¢~ l<u, and ¢~ 'ku, were the same then g,
=Rp, =kp, would force u, =p,. Thus ¢~ *kp, and ¢~ kp, are disjoint, <p; and <p,
have disjoint closed supports, whence p, and p, are mutually singular.
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THEOREM 7. If p, is an extreme point of LM(X) and if ps € rca(X) is absolutely
continuous with respect to p, then Q(N)ps=(1, po)p, for every X € LM. In particular,
if po is also left invariant then py,=(1, po)p,.

Proof. If p, is absolutely continuous with respect to x, then the closed support
of iu, is contained in the closed support of <u,, a fortiori in the equivalence class
q~'%p;. Thus on range Q*(A) we have (Q*(A)F, kug)=(1, ku)(Q*(A)F, 7u,),
Fe C(aX), whence Q(A)pe=(1, ps)p,, holding for any A € LM.

It is thus apparent that applying the embedding < to LM(X) gives some useful
information. Can one get back down? If ¢ € rp(eX) then from

(V*(@)QW)** = V***(a) Q**(Y)

it follows that Q**(A)¢ is a left invariant mean on «X for the representation
V***(0). From «V(o)=V**(o)x there follows V*(o)x*=«*V***(oc) and hence
V*(o)* Q**(X) =«*Q**(2), which is to say, «*Q**(\)¢ € LM(X). If pe LM(X)
then «*Q**(N)cp=p, and it follows that «*Q**(1) induces a continuous mapping
of rp(eX) in rca(e X)\C(aX) onto LM(X) in rca(X)\C(X).

There are several interesting problems for which this setting may prove useful.
First, when is the set of extreme points of LM(X) a compact set in rca(X)\C(X)?
The elements of Y, are the extreme points of {Q**()é: ¢ € rp(«X)}, and k* Y, is a
compact set in rca(X)\C(X) containing every extreme point of LM(X). The
conjecture that each «*y, y € Y,, is an extreme point of LM(X) is tempting. Second,
ergodic sets. The various extreme points p of LM(X) live on disjoint open closed
sets <, when embedded in «X. Is it possible to enclose the &, in disjoint sets of
the form E;" for E, € X? If so the E, are disjoint Borel supports for the various
extreme p € LM(X).

Some further properties of Q*(X) are of interest.

THEOREM 8. The support S (Q*(N)) is independent of X € LM, for each ¢ € #(Q*()))
the measure q,= Q**(\)8, is independent of A€ LM, and Y,={q,: £ € L(Q*(N)} is
independent of A € LM.

Proof. If A;, A, € LM then Q(A;)Q(A)=0(};), whence Q*(A;)0*(A;)= 0*(A,).
Let Y@ crange Q**(),;) be the homomorphisms of range Q*(),), so that for each
ye Y® we have (F-Q*(\)G,y)=(F,y)G,y) for all F,Ge C(eX). From
Q**(\;)y=y we obtain

O**(A)y = O**(AN2**(A)y) = (2**(A) Q**(A))y = C**(X)y = ,
whence y is in range Q**(),). For each y € Y{? and all F, G € C(¢X) we have
(F- Q*(A)G, y) = (F- @*(A) Q*(A5)G, »)
= (C*(A)F- 2*(A)G, y)
= (F, )G, »),
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so that y € range Q**(},) induces a homomorphism of range Q*(2,). It follows that
ye Y&, whence ¢V’ =q® =y on (g) ~ly=(¢®)~'y. This is to say, Y, is independ-
ent of A € LM, and g,= Q**())3, is independent of A € LM for each

(e F(Q*N) =q7'Y..

We will denote by & (Q*) this common support of each Q*(}).

Let /# denote the left invariant members of rca(X). Then .# =range Q(2) for
each Ae LM, and # is a Banach space. The Banach space conjugate * is
isometrically isomorphic to range Q*(A), and hence to C(Y,). It follows that Y, is
hyperstonian, with the members of .# corresponding to the normal measures on
Y,. The isomorphism of C(Y,) to range Q*(A) is effected by the injection
O(): C(Y,) - C(aX) given by (P(Nu)(§)=] u(ge)q(dE’), & € aX, ue C(Y,). The
adjoint ®*(A): rca(eX) — rca(Y,) has the form (P*(A)0)(F)=(Q**(A)0) g~ *F),
FeY, 6Oerca(cX). When 0 has closed support in £(Q*) this is simply
(P*(N)0)(F)=6(q~F), Fe Y,; that is, one restricts the domain of 6 to unions of
equivalence classes g ~'y. The isomorphism of range Q*(A) onto C(Y,) is induced
by Q': C(eX)— C(Y,) given by (Q'F)(»)=(Q*NF)(§) for y=g;€ Y, The
adjoint Q'*:rca(Y,) — rca(aX) is Q*¢=[ yd(dy), ¢ €rca(Y,); this maps the
normal measures on Y, 1-1 onto the normal measures in range Q**().

Let &, be the closure of | {<,: n e LM(X)}. Then &, is open in «X and a
subset of #(Q*), and %, contains the closed support of each g,, £ € «X. (To see
this, let lim, <p, =38, in rca(cX)\C(«X), with p, € rp(X), so that lim, € Q(A)p,=q;.
From (c Q(M)p)(<,)=1 there follows g(,)=1.) The author has not been able to
determine whether &, = %(Q%*), or even whether %, is the interior of £(Q*). We
denote by g the restriction of g: « X — Y to &, so that § maps <, onto Y,, and
g~ ! sends subsets of Y, into subsets of #,. If p € LM(X) then ®*(A)<u is a normal
measure on Y,, with closed support 4, which is open. Since ip= Q'*®*(N)icp
when pe LM(X), the closed support &, of &u is contained in ¢~ ,, and
g~'7 , is the union of the equivalence classes intersecting &,. Later on we shall
use the fact that &, =¢~17 ,. The argument is as follows. From &p= | g.icu(df) it
follows that g% ,)=1 for all £ € %,, and hence for all {4 17 ,, since q is
constant on equivalence classes. We thus have g, (-7 ,—%,)=0 for all £ € &£,
using the fact that g §~'7 ,)=0 if (e ¥,—G 17 ,. If the open closed set
¢~ 7 ,— &, in &, were nonempty, however, then it would assign positive measure
to v for some v € LM(X), and this would require g.(¢~* ,—<,)>0 for some
(e &, It follows that &, =17 ,.

When X is Abelian there is another projection on C(«X) of interest. Let {A,} be
a generalized sequence of means in /(Z) such that {«;A,} converges in rca(8Z)\C(BZ)
to Ae LM. Then V**(A,) converges in the weak* operator topology to an operator
R(}). In terms of Arens operations that is R(A)F=F(i)A, F € C(«X), and there
follows R(A)R(A)=R(A;{tDA,), A, A€ LM. When X is Abelian we have
A{tDA; = A {DA,, so that R(A)R(A)=R(Ap), Ay, A; € LM. 1t is easily verified that
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O*(A)R(A)=0*(A1), A, A€LM, and Q*(N)x=R(N)x. We put r,=R*N)3,
¢ € aX. In Theorems 9 and 14-15, following, the assumption that X is Abelian is
made only to insure that R(}) is idempotent.

THEOREM 9. Let X be Abelian. For each A € LM we have ry=q; for all ¢{ € #(Q%),
and F(Q*) < L(R(N).
Proof. If OQ**(\)¢=4¢ then

R*(N)¢$ = R*(A)(2**(V¢) = (R*NQ**(V))$ = O** (V¢ = ¢,
so that ¢ € range R*(A). Suppose u € LM(X). From Theorem 3 we have
R*(A)(Frp) = (RWF)<p

and hence «*R*(A)(Ficp)=(R(AN)F)n. From R(A)x= Q*(A)«x there follows «*R*(})
=x*Q**(1), and since

K* Q**(N)(Fiep) = (Q*(NF)p,
we have (Q*(A)F)u=(R(A)F)u for all Fe C(aX), all p € LM(X), whence

(@*WF)ip = (RAF)ip

if p € LM(X). Let {<p,} be a generalized sequence converging in rca(eX)\C(cX) to
8, £caX, so that {Q**(N)icu,}={kQ(N)u, converges in rca(«X)\C(cX) to
0**(X)3,=¢q,. From the relation above we obtain (Q*(A\)F)g;=(R(\)F)q;, £ € o X,
and it is straightforward that Q*(A\)(G-R(N)F)= Q*(A)(G- @*(A)F) holds for all
F,Ge C(eX). Let Y, be the homomorphisms of range Q*(A). It has been shown
that if y € Y, then R*(A)y=y, and we have

(F-R(NG, y) = (2*(A)(F-R(N)G), y)
= (@*(M(F- Q*(N)G), y)
= (F, )G, »),

so that y is a homomorphism of range R(X). Thus for ¢ e &£(Q*) we have
ge=ry=y onq~'y=r"'y, and FL(Q*) = FL(RN)).

8. Left almost convergence. As before, we assume that = is left amenable, and
we assume given an antirepresentation V(¢): C(X) — C(X) such that V(0)=0,
V(o)1 =1. We say that fe C(X) is left almost convergent to value k provided
(f, w)=k for every p € LM(X). When X=pBZ and V(o) =L*(o) we extend the notion
slightly; an element of m(Z) is left almost convergent to k if its continuous ex-
tension to BZ is left almost convergent to k.

THEOREM 10. For each n € LM(X) and each f, g € C(X) the element (f- V(o)g, p),
o €, of m(2) is left almost convergent to value (g, (Q*(Nxf)p)=(f, (Q*(N)xg)p),
which value is independent of A€ LM. For ue€ LM(X) to be an extreme point of
LM(X) it is necessary and sufficient that this value be (f, p)(g, p) for all f, g € C(X).
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Proof. If Q**(\)¢=¢ then Q**(N)(Fp)=(Q*(A\)F)¢$, Fe C(«X), by Theorem 3.
Now, such a ¢ has closed support in &(Q¥*), and if ¢ € S(Q*) then

(Q*WF)E) = f F(¢)q4d¢)

is independent of A e LM, by Theorem 8. Thus Q**(\)(F¢é) is independent of
A e LM when Q**(\)p=4. If £, g € C(X) then

f(f V(o)g, WA(do) = (g, Q) = (xg, Q**(N)(xfien)
= (<& (2*Nrf)iep) = (& (Z*Nw)

is independent of A € LM, which is to say, (f- V(o)g, 1), o € Z, is left almost con-
vergent to (g, (@Q*(A\)«f)w), this value being independent of A € LM. Applying
condition (8) of Theorem 5, we see that for u € LM(X) to be extreme it is necessary
and sufficient that this value be (f, p)(g, p) for all £, g € C(X). This condition is
equivalent to (Q*(A)«f)u=(f, w)u, and is simply the assertion that Q*(A)«f is the
constant (f; ) on &,,.

Let us examine the notion of left almost convergence in more detail. If A\e LM
is fixed then {\(IDu: u € rp(X)} is the whole of LM(X). Thus fe C(X) is left almost
convergent to value k provided (f, XIDp)=(u<1)f, )=k for all uerp(X). Let
{A\.} be a generalized sequence of means in /(X) such that {«x;A,} converges in
rca(BZ)\C(BZ) to A e LM. Then

(<Df, D) = lim (<D, K120)
(10) = lim (A, p<1Yf)
= lim (f * A, p),

where

[*de =2 XOV(o)f

is the right module product in terms of which the Arens operations are defined.
One sees from (10) that {f * A,} is always a weak generalized Cauchy sequence, and
that for f to be left almost convergent to value k it is necessary and sufficient that
{f * A,} converge in C(X)\rca(X) to the constant function k € C(X).

Fix Ae LM and a generalized sequence {),} of means in /(Z) such that {x;A,}
converges in rca(BZ)\C(BZ) to A. Let 2, be the linear subspace of C(X) defined by
9,={fe C(X):f* A, converges weakly to an element of C(X)}. If fe 2, let
S»fe C(X) denote the weak limit of {f * A,}. We see from (10) that if fe 2, then
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Safs W=(f, Q)= (s, Q*(Nxf) for all perca(X), whence Q*(Nrf=xS,f.
Conversely, suppose fe C(X) is such that Q*(A\)xf=«g for some g € C(X). Then
for all u € rca(X) we have

(& 1) = (1 <g)
= (v, Q*(N)xf)
= (/, 2w
= lim (, r1 A< Dp)

= lim (f* Aw F‘)’

whence fe€ 2, and g=S,f. Thus 2,={fe C(X): Q*(MN)«f € «C(X)}. It follows that
2, is norm closed in C(X), and that 2, does not depend on the particular general-
ized sequence {A,} used to approximate A. Thus fe C(X) is left almost convergent
to k if and only if for some A € LM there obtains fe &, and S, f=k; in this event
fe€ 2, and S,f=k holds for every A € LM.

The considerations above resemble those of the Eberlein-Day ergodic theorem
[1]; the elements of 2, could be called left ergodic members of C(X) for A. Our
results cannot be obtained from the Eberlein-Day theorem, however, because we
have only one sided invariance. Nevertheless, we are able to obtain strong con-
vergence to k if the generalized sequence {A,} is appropriately chosen. Fix A € LM,
and let {A,} be a generalized sequence of means in /(X) such that lim, «;A,=A in
rca(BZ)\C(BZ) and lim, |8, * A,— A,|| =0 for each o € . That is, {«,A,} converges
weakly* to A € LM and {A,} converges in norm to left invariance. Proof that such
generalized sequences exist is given by Day [1].

THEOREM 11. For fe C(X) to be left almost convergent to k it is necessary and
sufficient that lim, || f* A,—k|| =0 for each such generalized sequence {),}.

Proof. If {f* A,} converges in norm to k then it converges weakly and the
previous considerations apply. For fe C(X) define

p(f) = lim sup m%:x (f * A)(x),
« XE.
so that
—p(—f) = lim inf min (f * A,)(%).
(1 xeX

Then p(f) = —p(—f), and clearly, for lim, ||f* A,—k| =0 to hold it is necessary and
sufficient that p(f)= —p(—f), the common value being k. Now, p(f) has the
properties p(f+g)<p(f)+p(g) and p(cf)=cp(f) for ¢20, f, g € C(X). Moreover,
Hz0if f20, p(1)=1, and |5(f)|=|f|, fe C(X), where p(f) is either p(f) or
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—p(—f). It follows that if u e rca(X) is such that (f, p) =p(f), fe C(X) (Hahn-
Banach) then u € rp(X). We have further, for all s € Z,

P(V(o)f—f) = lim sup [/ 8, * Aa—f* Ac|
< Lim sup [[f] 18, * A= Ad|
=0,

and it follows easily that if (£, p) <p(f), f€ C(X), then p € LM(X). Suppose then
that g e C(X) is such that p(g)> —p(—g). Then there exist u,, u, € rca(X) such
that

() S p(f)  for all fe C(X),

(& 1) = p(2),

(fime) S p(f)  forall fe C(X),
(=8 pa) = p(—2).

By what has been said above, p,, ps € LM(X) and (g, p1) > (g, p2), so that g is
not left almost convergent.

Closely related to Theorem 11 is the following generalization of a result of
Jerison [14]. Again, {A,} is any generalized sequence of means in /() such that
{17} converges in rca(BZ)\C(BZ) to Ae LM and {A,} converges in norm to left
invariance.

THEOREM 12. If p is any extreme point of LM(X) then there is a generalized
sequence of the form {xl)\a7<i>8xy} converging in rca(X)\C(X) to p, where x,e X
and {),,} is a generalized subsequence of {).}.

Proof. Put
A, = {Kl’\a<i>8x: xe X},
B, = closure of BU Ay in rea(X)\C(X),
>a

B =B,

so that B is the topological limit superior [15] of the generalized sequence of sets
{4,}. It is clear that the elements of B consist of all limits of convergent generalized
sequences of the form {x;A, <8, } in rea(X)\C(X), with {A,,} a generalized sub-
sequence of {A,}. From

" 80<.I>(K1Aa,<i>8x1) —("IAay<i>8x,) “ = " 8, * )‘a, - Aay “ -0, ceZ,

it follows that B<LM(X). Let co B denote the closed convex hull of B in
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rca(X)\C(X). If we can show that co B=LM(X) then the arguments of Krein and
Milman apply and the theorem is established. First, from (f, k1A, (i) =(f * Ag, ),
fe C(X), perca(X), it follows that for each fixed « the function «;A,<(IDu is a
continuous function of u in rca(X)\C(X). Thus

€0 A, = kA1 To{8,: xe X}

e A {rp(X)}
> LM(X),

whence co B,2LM(X) for each «. It is a consequence of a theorem of Jerison
[15] that €o (), B,=( ). €O B,, so we obtain co B> LM(X) as desired.

When X is the additive positive integers there is another result of Jerison that
can be strengthened and generalized. The familiar sequence {A;}={(8;+ - - - +8,)/n}
in /(Z) converges in norm to (left) invariance. Let A = LM be the set of limit points
of {«;A,} in rca(BZ)\C(BZ).

THEOREM 13. For each M€ A, the closure of the set {M{i)8,:xe X} in
rca(X)\C(X) contains every extreme point of LM(X).

Proof. The proof follows exactly that of Theorem 3 of [14]; we omit the details.
Jerison deals with {A(I>8,: x € X, A € A}, but it is not necessary that A vary.

Theorem 13 has an interesting corollary. Let {A,_} be a generalized subsequence
of the above sequence {A,} such that {x;A, } converges in rca(8Z)\C(BZ) to A€ A.
Then for each fe C(X) the generalized sequence {f * A, } converges pointwise on
X. Suppose f is such that the limit function is the constant function k. Then f is
(left) almost convergent to k, and the sequence {f* A,} converges to k uniformly
on X. To see this, define

p(f) = sup (f, XD3.)
= sug lim (f* A, )(x), feC(X).

Clearly, for p,(f)=—pi(—f) to hold it is necessary and sufficient that {fx A, }
converge pointwise to k=p,(f). By Theorem 13, however,

pl(f) = sup (.f; ”’)’

uneLM(X)

so if p;(f)= —pi(—f)=k then fis left almost convergent to k. The arguments for
{f* A,} involve

lim sup sup (f * A)(x),

and are similar to the usual ones for almost convergence on Z.
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In the following, {),} is any generalized sequence of means in /(Z) such that
{x1A.} converges in rca(BX)\C(BZ) to A € LM. 1t is not required that {A,} converge
in norm to left invariance.

THEOREM 14. Let X be Abelian. Then the following conditions on p € rca(X) are
equivalent :

(11) lim V*(A)p = Q(A)p weakly in rca(X),

(12) R*(Nip € & rea(X), the value necessarily being ik Q(A)u.

When these conditions hold then the set function defined by lim, (V*(A)w)(E),
E € X, is countably additive.

Proof. For all Fe C(«X) we have
lim (V*(A)p, F) = lim (&, V**(A)F) = (4, RQ)F) = (F, R*(N<p),

according to the definition of the projection R(A). When (11) holds the limit is also
(Q(N)p, F)=(F, cQ(A)p), whence R*(N)ku=i Q(A)u. Conversely, suppose R*(N)ip
=kiv for some v € rca(X). Then v must have the value

v = k*ikv = K*R¥(N)ikp = «*Q**(Nicp = Q).
For each Fe C(X) we have then
lim (V*(A)p, F) = lim (g, V**(A)F) = (p, R()F) = (F, R*(NRp)

= (F, k QW) = (2N, F),
so that (11) holds. Suppose that (11) holds. Then for each E € X we have
lim (V*AJp)(E) = lim (V*Am, x5~) = (QV)p> x5~) = (QV)NE),

and this is countably additive as a function of E € X.

For our final result we recall that &,= | {&,: p € LM(X)} is the closed support
of the measures in range Q**(}), and that §~! sends subsets of Y, into subsets of
&,

THEOREM 15. For p € rca(X) to be absolutely continuous with respect to a member
of LM(X) it is necessary and sufficient that &S, <% ,. When &, <%, holds then
Q(Mp=v is independent of A€ LM and p is v-continuous. For p € rca(X) to be
equivalent to a member of LM(X) it is necessary and sufficient that &, be a union
of equivalence classes §~'y. When Z is Abelian and &, <% ,, then conditions (11)
and (12) of Theorem 15 are satisfied, and also

For each E € X the element (V*(o)p)(E), o €Z, of
m(2) is left almost convergent to value v(E).

13)
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Proof. We may as well assume u € rp(X). For p to be absolutely continuous
with respect to a member of LM(X) it is necessary that ¥, <%, clearly. Suppose
that &, <%, holds. Applying Theorem 8 to the representation

%0k = [astutdp),

we see that Q(A)p=v is independent of A € LM. From ®*(A)icp = @*(N)«v it follows
that &, <¢~.7,. We showed previously that §-19,=,, so that &, <<, and
w is v-continuous. For p to be equivalent to v it is necessary and sufficient that
&,=§"17,. Suppose &, <&, and X is Abelian. Applying Theorem 9 to

R*Oiw = [reeuas)

0** (e = [qeri(de),

we obtain R*(A)ku=xQ(A)u, so that conditions (11) and (12) are satisfied. Since
for each E € X we have lim, (V*(A,)u)(E)=v(F) independent of A € LM, it must
be the case that (V*(o)u)(E), o €2, is left almost convergent to value »(E).

9. Right and two sided invariance. When X is right amenable or (two sided)
amenable there are results corresponding in detail to those of §§6-8. The easiest
way to show this is to reduce the right and two sided cases to the left case.

Suppose X is right amenable. Let X be the transposed semigroup of Z, i.e.,
products are reversed, so that X! is left amenable [1]. Let U(s): C(X) - C(X) be a
representation of ¥ such that U(e)20, U(e)l =1. Then U(o), o € X, is an anti-
representation of left amenable Zf, and §§6-8 apply. The left invariant means on
X for X are the right invariant means RM(X) for the antirepresentation U*(o)
of 2. We omit the list of theorems corresponding to Theorems 5-15.

Suppose X is amenable. Let 2, be & augmented by an identity (if Z does not have
one), and let £, be the product semigroup Z,=X, xX¢. The amenability of X
implies amenability of X, [1]; a fortiori, 2, is left amenable. Assume given a
representation U(o): C(X) — C(X) and also an antirepresentation

V(o): C(X) — C(X)

of Z by transition probabilities, as before. It is required that these commute:
U(o)V(7)=V(7)U(o), o, T € Z. We require also that U(1)=¥(1)=1 for the identity
of ;. Then U(o)¥(7), (7, 0) € Xy, is an antirepresentation of left amenable X, by
transition probabilities. If LM(X) are the left invariant means of the representation
V*(o) of T and RM(X) are the right invariant means of the antirepresentation
U*(o) of I, then it is easy to see that the two sided means M(X)=LM(X) N RM(X)
are the left invariant means for the representation U*(o)V *(7), (7, o) € Z,, of left
amenable Z,, and §§6-8 apply. In particular, when X is BZ, U(o) is R*(s), V(7) is
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L*(7), then all conditions are satisfied, and M(BZ) is the set of two sided means for
Z. We omit the list of theorems corresponding to Theorems 5-15.

Notes added in proof. 1. A further reference for §2 is [16]. II. The arguments
in Theorems 8-9 are incomplete. In Theorems 8-9 and wherever they are used,
&L (Q*(N) should be replaced by &,. III. In Theorems 9 and 14-15, the condition
“X is Abelian” can be replaced by “Z is amenable.” IV. The work of L. Sucheston
was the inspiration for Theorem 15.
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